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Abstract

Thermal runaway is a special macroscopic phenomenon of the dielectrics during
microwave heating, in which there is a big jump of the steady-state temperature while
the applied microwave power varies slightly. It hinders engineers in the applications
of microwave heating technique in industrial fields. A simulation based on the finite
difference time domain (FDTD) method to solve Maxwell’s equations coupled with the
finite difference (FD) method to solve a heat transfer equation (HTE) is presented in
this paper, and the temperature variation in a ceramic slab during microwave heating
is obtained. The temperature variation in the ceramic slab during microwave heat-
ing is simulated with various ceramic parameters and applied microwave powers so
as to analyze the condition under which thermal runaway is introduce. Moreover, a
microwave power control method, based on a single temperature threshold and dual
applied microwave powers, is presented, which may reduce the microwave heating du-
ration, improve microwave heating efficiency, and thus control thermal runaway. The
relation between the final applied microwave power and the temperature threshold in
the controlling method is also presented. The analysis method presented in this paper
has potential applications in many important fields related with microwave heating
techniques.

Key words: Finite difference time domain method (FDTD), heat transfer, temperature,
power threshold

1 Introduction

Microwave heating can speed up material processing with many applications in various fields,
such as chemical industry, pharmaceutics industry, food industry, mining industry and so
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on [1, 2, 3, 4, 5, 6]. During microwave heating, the material characteristics such as the
conductivity, permittivity, and heat transfer constant, vary with the temperature rise [7,
8, 9, 10]. It may lead to some special macroscopic thermal phenomenon. When microwave
heating is applied to ceramic sintering,[11] mineral grinding,[6] chemistry and pharmaceutics
[1, 2, 12], rubber processing, and so on, the local “hot spot” might appear [13]; there may
occur a very high temperature rise, which usually leads to the phenomenon of thermal
runaway. Such a big temperature jump may result in material degeneration, dielectrics over-
burning, or explosion in certain extreme cases. It hinders engineers in the applications of
microwave heating in industry.

Thermal runaway is an unstable macroscopic phenomenon during microwave heating,
which can be basically described in terms of [14, 15]: a) the steady-state temperature; b)
the temperature rise rate. When the microwave power absorbed by a material is equal to
the heat loss rate during microwave heating, the system temperature reaches a steady state.
If there is a slight variation of the applied microwave power or the parameters of the heated
dielectrics, there is an enormous steady-state temperature jump, which describes the steady-
state temperature thermal runaway. On the other hand, the temperature rises smoothly
until when a certain microwave power is applied, and after that period there occurs a very
high temperature rise rate for a very short period of microwave heating. This describes the
thermal runaway in terms of the temperature rise rate.

Thermal runaway originates from the dependency of dielectric characteristics on temper-
ature. During microwave heating, if the heat loss rate in a local area is less than the absorbed
microwave power, the temperature will rise and lead to the variation of dielectric character-
istics. When the variation may function as a positive feedback to increase the microwave
power absorption or decrease the heat loss, it will finally introduce a local “hot spot”, so
called “local thermal runaway”. Under a certain condition, the local thermal runaway turns
into a global unstable thermal phenomenon. In the process of microwave heating on ceram-
ics, the dependency of either electric conductivity or thermal conductivity on temperature
may lead to thermal runaway [9, 14].

In 1991 Kenker et al. presented empirical formula on thermal runaway to study mi-
crowave heating on ceramics [16]. Since Kriegsmann analyzed a model of thermal runaway
using an asymptotic method in 1992 [14], many researchers have been attracted to discuss
mathematical analysis of thermal runaway aspects [15, 17, 18]. In the numerical simulation
of thermal runaway, a coupled system of Maxwell’s equations and the heat transfer equation
(HTE) has to be solved. In 1999, Alpert and Jerby presented a coupling method with two
time scales to solve it [19]. Later a finite element method with an adaptive time step scheme
has been developed [20]. Some applications of the FDTD method on microwave heating can
be found in the literatures [21, 22, 23, 24].

Concerning the control of thermal runaway, Kriegsmann first presented an asymptotical
analysis and the control on microwave power to avoid thermal runaway [14]. James and
John presented a control method by the initial temperature and the time-varying boundary
condition, and performed mathematical analysis [25]. However, it seems that there are many
limitations to realize those methods in industry. A practical method is to control microwave
power with a temperature feedback system [10, 26]. However, the continuous microwave
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power adjustment and the detection of the temperature time gradient are complex, difficult
and not suitable for industry application

The aim of the present paper is twofold: we first present a new numerical method based
on the FDTD method to solve the coupled system of Maxwell’s equations and the HTE is
presented so as to perform simulation of a ceramic slab under microwave heating; and then we
propose a microwave power control method based on a single temperature judgment and dual
microwave powers. The steady-state temperature distribution of the ceramic slab depends on
the applied microwave power is achieved with various ceramic slab parameters. Meanwhile,
the temperature rise in the ceramic slab is obtained by the simulation method. Furthermore,
a power controlling method to avoid thermal runway during microwave is discussed. A
relation between the final-state microwave power and the monitored temperature threshold is
shown, which is valuable in future application of microwave heating. The simulation method
presented here enables to simulate more complex microwave heating model, to apply to
solving microwave heating apparatus design, and to promote the development of microwave
heating research and applications.

The microwave power control method presented in this paper can improve microwave
heating efficiency and avoid thermal runaway during microwave heating. Firstly a high mi-
crowave power PH (PH > PTH) is applied, PTH and PTL being the the lower and higher power
thresholds of thermal runaway. When the monitored relative temperature on the surface of
the ceramic slab is higher than the preset temperature threshold θT, the applied microwave
power is switched to decreases to the final microwave power PF (PTL < PF < PTH), and
maintains the ceramic slab at the desired stable state temperature. Due to high microwave
power applied in the initial stage, the temperature rise rate is high in the beginning so as to
speed up the process to reach a heat equilibrium state. With several numerical experiments,
we conclude that a reasonable value of the preset temperature threshold corresponding to the
final applied microwave power will shorten the microwave heating time significantly. Since
there are only two microwave power levels as well as one temperature threshold monitor in
the proposed method of thermal runway control, the method is convenient, stable and easy
to build.

2 Microwave heating model on ceramics

The microwave heating on a ceramic slab in transverse electromagnetic (TEM) mode is
facilitated to a model as shown in Figure 1, following [14, 27, 18]). The ceramic slab with
length l and relative dielectric constant εr is assumed to be exposed in the free space.
The microwave with the x- and y-components of the electromagnetic fields, respectively, is
assumed to propagates at frequency 2450MHz along the z-direction vertically to the ceramic
slab. The electromagnetic fields then satisfy Maxwell’s equations:

∂Ex

∂z
= −µrµ0

∂Hy

∂t
, (1a)

∂Hy

∂z
= εrε0

∂Ex

∂t
+ σEx. (1b)
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Figure 1.1: Model of microwave heating on a ceramic slab

Since the ceramic slab is a lossy material, it absorbs microwave power and leads to
temperature rise. The temperature variation is governed by the HTE:

ρCp
∂T (z, t)

∂t
= K

∂2T (z, t)

∂z2
+ Pd (z, t) , (2)

where T, ρ, Cp, K and Pd are the temperature, ceramic density, thermal capacitance, ther-
mal conductivity, and microwave power dissipation, respectively. If the polarization loss is
not considered, the microwave power dissipation is given by Pd (z, t) = 1

2
σ (z, t) |Ex (z, t)|2.

Assume that the ambient temperature is kept at T0. The boundary condition of the HTE
on the surface of the slab is given by

K
∂T (z, t)

∂z
= h [T (z, t) − T0] + se

[

T 4 (z, t) − T 4
0

]

, (3)

where h and e are the convective heat and radiation heat constants, respectively, and
s=5.67×10−8kg/s3/K4 denotes the Stefan-Boltzmann constant. The conductivity increases
with the rise of temperature, which can be described by an exponential or Arrhenius model
[14, 18]:

σ (T ) = σ0 exp

(

T − T0

T0

)

, (4)

where σ0 = 1.63× 10−3 S/m is the ceramic conductivity at normal temperature T0 = 300K.
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3 Simulation method

Since the dielectric characteristics of the ceramics vary with temperature rise under mi-
crowave heating, the time-varying medium has to be considered during electromagnetic sim-
ulation. A standard FDTD method is applied to solve Maxwell’s equations so as to couple
the HTE in dealing with time-varying medium [21]. The FDTD simulation system is shown
as Figure 1. Outside the ceramic slab the 1st-order Mur absorbing boundary conditions
(ABC) are imposed at z = −a and z = a. The connection boundary condition (CBC) is
then located between the ceramic slab and the left ABC. The time step ∆t and the space step
∆z in the FDTD method are constrained by the CFL(Courant-Friedrichs-Lewy) condition.
Here the time step is set as ∆t = c

2∆z
, with c being the speed of light in vacuum. The finite

difference method (FDM) with forward Euler scheme is applied to solve Eq. (2) as follows:

T n+
1

2 (k) = T n−
1

2 (k) (5)

+
∆tHTE

ρCp



K
T n−

1

2 (k + 1) − 2T n−
1

2 (k) + T n−
1

2 (k − 1)

∆z2
+

1

2
σn−

1

2 (k) |En (k)|2



 ,

where ∆tHTE is the time step, k represents the spatial position z = k∆z, ∆z = l/Nk,
and the superscript denotes t = n∆tHTE . The stability condition for Eq. (5) is given by

∆tHTE < ρCp

2K
∆z2. After updating the values of T n+ 1

2 (k) for k = 1, · · · , Nk − 1 using Eq.
(5), the value of T n+1/2(0) is updated by the central difference approximation of the spatial
derivative of Eq. (3) as follows:

T n+ 1

2 (0) = T n+ 1

2 (2) −
2∆z

K

[

h
(

T n+ 1

2 (1) − T0

)

+ se

{

(

T n+ 1

2 (1)
)4

− T 4
0

}]

. (6)

With respect to microwave at 2450MHz, the time step in the FDTD method is typically
at the order 10−11s, while the microwave heating duration normally lasts at the order of
102s. If the conventional FDTD method is directly applied, there are at least 1013 steps
to compute. To speed up the simulation, the time factor α, which is 1010, is applied to
transform the time step in the FDTD and HTE into the same order [21, 23, 24]. Figure 1
shows the method to couple Maxwell’s equations and the HTE together, in which the electric
fields, the magnetic fields, the temperature and the conductivity are updated in turn. The
domain to solve the HTE is [0, l], and the domain to apply the FDTD is [−a, a]. Based on
the model and the coupling method shown in Figs. 1 and 2, the simulation of microwave
heating on the ceramic slab can be performed.

4 Simulation results and analysis

The electric field amplitude of the incident microwave is E0. The dependence of the ce-
ramic permittivity and thermal conductivity on temperature is neglected in the simulation.
Other ceramic parameters related with the HTE are obtained from Ref. [19]. Some main
parameters in simulation are shown in Table 1.
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Figure 3.1: Flow chart of the coupling method

∆tFDTD (ps) ∆z (mm) ∆tHTE (ms) εr K (W/m/K) e h (W/m2/K)
0.504 0.302 5.04 10 10 0.7 170

Table 1: Parameters in FDTD and HTE
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4.1 Microwave power threshold of thermal runaway

When the microwave power dissipated of the ceramic slab equals to the rate of heat loss, it
reaches the steady-state temperature distribution. The steady-state temperature dependent
on microwave power shows the system response of the long duration microwave heating. The
thickness of the ceramic slab is 4 cm, and the relative temperature is defined as θ = (T −
T0)/T0, When the initial temperature of the ceramic slab is of θ0 = 0 and θ0 = 7, respectively,
the dependence of the steady-state temperature on microwave power is simulated. θ0 = 7
shows a cooling down procedure, when the absorbed microwave power is less than the heat
loss rate. The central temperature θC of the ceramic slab is shown in §4.2, where the applied
microwave power density is given by 1

2
ωε0εrE

2
0 (also called microwave power in the paper).

The simulated results agree well to those in [18].

If the initial temperature of the ceramic slab is low, the steady-state temperature at the
center jumps from the lower branch to the higher branch once the applied microwave power
is higher than PTH . If the initial temperature of the ceramic slab is high, the steady-state
temperature jumps from the higher branch to the lower branch once the applied microwave
power is less than PTL. Thus, there are discontinuous temperature variations dependent on
the applied microwave power. The applied microwave powers PTL and PTH are defined as
the microwave power thresholds of thermal runaway. At low initial temperature, the slight
variation around PTH leads to enormous steady-state temperature change of the ceramic
slab, which is the phenomenon of thermal runaway. Until he applied microwave power is
below PTH , the steady-state temperature increases smoothly.

Figure 4.1: S-curve: Steady-state central temperature
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4.2 Thermal runaway procedure in time domain

When the initial temperature of the ceramic slab is θ0 = 0, four microwave powers are
applied in order to simulate the temperature rise in the time domain. Figure 4.2(a) shows
the temperature rise in the time domain while the applied microwave power is P1 = 0.1 ×
1010W/m3 (P1 << PTH). The temperature of the ceramic slab increases smoothly while the
rate of temperature rise decreases. Finally, at about 80 minutes, the dynamic equilibrium
state of temperature reaches, while the highest relative temperature is θmax = 0.4. During
the whole microwave heating, the highest temperature is always located at z = l/2.

Figure 4.2(b) indicates the temperature rise in the time domain while the applied mi-
crowave power is P2 = 0.15 × 1010W/m3 (P2 ≈ PTH , but P2 is slightly less than PTH). The
temperature of the ceramic slab rises evenly while the rate of temperature rise drops. It
takes about 270 minutes to reach a steady state. The highest temperature is again always
located at the center of the ceramic slab, and the highest relative temperature is θmax = 1.1.
There is no thermal runaway phenomenon in this case.

Figure 4.2(c) shows the temperature rise with the applied microwave power P3 = 0.16×
1010W/m3 (P3 ≈ PTH , P3 being slightly greater than PTH). In the beginning stage, the
temperature rises smoothly and the highest temperature is located at the center of the
ceramic slab. At about 140 minutes of microwave heating, the temperature rises abruptly,
and the temperature rise rate goes as high as 326K/min. The phenomenon of thermal
runaway appears. At about 200 minutes, the temperature goes to a steady state, while the
highest relative temperature is θmax=7.0 at the position near z = 0.

The simulation result with the applied microwave power P4 = 0.3×1010W/m3(P4 > PTH)
is shown in Figure 4.2(d). The rate of temperature rise speeds up obviously. Although the
applied microwave power is only 3 times as high as in that resulted in Figure 4.2(a), the
steady-state relative temperature increases about 20 times, which is θmax = 8.0 There is
a period of rapid temperature rise and the position of highest temperature switches from
z = 1/2 to near z = 0. At about 20 minutes, the highest temperature rise rate reaches
743K/min. Compared to the case of Figure 4.2(c), the increase of applied microwave power
results in much higher temperature rise rate and much earlier thermal runaway; the steady
state appears at 40 minutes, while the emergence of thermal runaway advances from 140
minute to about 20 minutes.

Around the microwave power threshold PTH , a slight power disturbance will lead to a big
steady-state temperature jump. Comparing Figures 4.2(b) and (c), the applied microwave
power increase only by 6% entails into the highest steady-state relative temperature increase
by about 7 times, due to a strong nonlinearity. Furthermore, the closer the applied power
is to the power threshold PTH , the longer time is required to reach the steady state. For
example, in the cases of Figures 4.2(b) and (c) it takes about 200 minutes to reach the
steady state, while it takes only less than 40 minutes to reach the steady state in the cases of
Figures 4.2(a) and (d). Once the applied microwave power is higher than the power threshold
PTH , there will be a steep temperature rise, as shown in Figures 4.2(c) and (d).
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Figure 4.2: Time domain temperature rise in the ceramic slab



10 C. Liu & D. Sheen

4.3 Effects on thermal runway from ceramic slab parameters

The variation of ceramic slab leads to the change of the microwave heating effect as well as the
microwave power threshold of thermal runaway. The material parameters, such as dielectric
constant, heat conductivity, conductivity dependent on temperature, and so on, may change
the microwave power threshold of thermal runaway. The geometric parameter (the thickness
of the slab) plays a dominant role in the microwave power threshold. When the thickness
of the ceramic slab varies, the central temperature of the steady-state relative temperature
dependent on the applied microwave power is shown in Figure 4.3. If the thickness of the
slab is about 4cm or 6cm, a lower microwave power will lead to the phenomenon of thermal
runaway, in which the microwave power threshold corresponding to 6cm is lower than that
corresponding to 4cm. If the thickness is about 2.7cm and 4.7cm, much higher microwave
power is required to lead to thermal runaway, in which the microwave heating efficiency is
low and the relative temperature is lower with the same applied microwave power.

The steady-state temperature is sensitive to the thickness of the ceramic slab at certain
condition. For example, with the same applied microwave power, i.e. P = 0.2× 1010 W/m3,
a slight thickness variation of 1mm leads to a huge steady-state temperature jump. In the
industrial application of microwave heating technique, if there is a slight difference in material
under microwave heating, it may result in huge difference in microwave heating effects. If
the parameters, such as dielectric constant and the heat conductivity, are changed, similar
results may be obtained; a slight variation of one parameter may change the microwave
threshold of thermal runaway significantly. Thus, in order to keep the microwave heating
system working smoothly, the system should be designed to work in a stable region, in which
the temperature is not too sensitive to ceramic parameters.

Figure 4.3: Steady-state temperature with the ceramic slab thickness
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4.4 The control of thermal runaway

From the simulation of the thermal runaway in time domain it follows that no thermal
runaway will be exhibited if the applied microwave power is lower than the microwave power
threshold PTH . However, the microwave heating efficiency is very low, especially when the
applied microwave power is near PTH . Therefore, in order to increase heating efficiency and
to avoid the thermal runaway, a suitable method of microwave power control is required.

A microwave power control method will be discussed, based on a single temperature
judgment and dual microwave power, which can improve microwave heating efficiency and
avoid thermal runaway during microwave heating. Firstly, a high microwave power PH

(PH > PTH) is applied, recalling that PTH and PTL are the the lower and higher power
thresholds of thermal runaway. When the monitored relative temperature on the surface of
the ceramic slab is higher than the preset temperature threshold θT, the applied microwave
power will be decreased to the final microwave power PF (PTL < PF < PTH), and then
it will be maintained such that the ceramic slab will be heated at the desired stable state
temperature. Since the high microwave power is applied in the initial stage, the temperature
rise rate is high in the beginning so as to speed up the process to reach a heat equilibrium
state.

For example, in order to heat a ceramic slab of 4cm thickness, initially the microwave
power PH = 0.5×1010 W/m3 is applied. When the monitored temperature arrives at θT = 2.0
the applied microwave power is switched to the two different cases (a) PF =0.1×1010W/m3

and (b) PF =0.15×1010W/m3, respectively. During the 25 minutes of microwave heating, the
temperature rises are shown in Figures 4.4(a) and (b), respectively. Notice from Figure 4.4(b)
that even with the final applied power PF =0.15×1010W/m3 that is still lower than the
microwave threshold PTH , thermal runaway occurs.

In our further numerical simulation with the preset temperature threshold θT = 1.0 and
all other parameters unchanged, the temperature rises are shown in Figures 4.4(c) and (d),
in which there is no thermal runaway phenomenon. In Figure 4.4(d), observe that the final
applied power PF matches the preset temperature threshold θT = 1.0 and that it takes much
shorter time to reach the heat equilibrium state. Therefore, a reasonable value of the preset
temperature threshold corresponding to the final applied microwave power will shorten the
microwave heating time significantly.

To avoid the phenomenon of thermal runaway, the preset temperature threshold θTgnd
the final applied microwave power PF are given by

θT 6 θ (PTH) +
θ (PTH) − θ (PTL)

PTH − PTL
(PF − PTH) , (7)

where θ(PTH) and θ(PTH) are the steady-state relative temperature corresponding to mi-
crowave thresholds PTL and PTH in the lower and upper branches, respectively (see Fig-
ure 4.1). In order to improve the system safety, a reasonable lower temperature threshold θT

may be adopted. Since there are only two microwave power levels as well as one temperature
threshold monitor in the system, the method of thermal runway control is convenient, stable
and easy to build.
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Figure 4.4: The control on thermal runaway
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5 Conclusion and discussion

The coupling method based on the FDTD method to solve Maxwell’s equations and the FD
method to solve HTE is applied in this paper to simulate thermal runaway during microwave
heating on a ceramic slab. The strong nonlinearity and complexity of the microwave heating
process is also achieved. Based on the simulation and analysis, the conditions of thermal
runaway are: 1) there is a dependence of material characteristics on temperature; 2) the
applied microwave power is greater than a threshold. The microwave power threshold of
thermal runaway is not only dependent on material characteristic, but also sensitive to the
geometric parameters under certain conditions.

The analysis of the temperature rise in the time domain shows that if the applied mi-
crowave power is higher than the microwave power threshold, there is a steep temperature
rise during microwave heating; otherwise, the temperature rises smoothly.

Under certain conditions, the microwave power of thermal runaway is sensitive to certain
parameters of the material under heating. For example, in the applications of microwave
heating to foods, it was found that the temperature rise and distribution were sensitive to
the size and shape of the food [5]. From the simulation results shown in this paper, with
the same applied microwave power, a slight variation of the ceramic slab thickness may
lead to a significant temperature jump of the steady-state temperature. The sensitivity can
not be explained by the resonance between the applied microwave and the dielectrics under
heating, but by the macroscopic behavior from the bifurcation of the nonlinear model. In the
applications of microwave heating, those sensitive regions should be avoided in the design in
order to make the microwave heating system more stable.

A method of microwave power control based on single temperature threshold and dual
temperature levels is presented in this paper, which can avoid the phenomenon of thermal
runaway. The high microwave power is applied at the initial stage to speed up the heating
process, while the final microwave power is applied to keep the material in heat equilibrium.
Thermal runaway is related with not only the applied microwave power but also to the
current material temperature. A formula to estimate the reasonable the final microwave
power and the temperature threshold is given.

With the rapid development of microwave techniques, there are many new fields for
microwave applications, such as microwave soldering [28], microwave hybrid heating[29],
microwave thawing [30], microwave drilling [31], and so on. The Maxwell’s equations coupled
with the HTE are required to solve to analyze the heating process. The method presented in
this paper is applicable in both thermal runaway control and microwave heating applications.
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